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Abstract Navigating in a complex world is challenging
in that the rich, real environment provides a very large
number of sensory states that can immediately precede a
collision. Biological organisms such as rodents are able to
solve this problem, effortlessly navigating in closed spaces
by encoding in neural representations distance toward
walls or obstacles for a given direction. This paper presents
a method that can be used by virtual (simulated) or robotic
agents, which uses states similar to neural representations
to learn collision avoidance. Unlike other approaches, our
reinforcement learning approach uses a small number of
states defined by discretized distances along three constant
directions. These distances are estimated either from optic
flow or binocular stereo information. Parameterized templates for optic flow or disparity information are compared
against the input flow or input disparity to estimate these
distances. Simulations in a virtual environment show
learning of collision avoidance. Our results show that
learning with only stereo information is superior to learning with only optic flow information. Our work motivates
the usage of abstract state descriptions for the learning of
visual navigation. Future work will focus on the fusion of
optic flow and stereo information, and transferring these
models to robotic platforms.
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1 Introduction
Estimating the distance from perceived objects in the
environment, either target or obstacles, and the ability to
learn their position and strategies to approach or avoid
them, are crucial skills for humans, animals, and robots
alike. Recently, memory structures that encode geometrical constraints of the environment have been discovered
in rats [17, 29]. Cells encode the distance of walls for
allocentric direction in their patterns of spatial firing,
fostering the idea of using a distances as states of a
reinforcement learner.
In general, various cues can be used to infer distance
information, to detect the ground, or to determine traversiblity [14]. Relative depth cues learned from monocular
images have been used to learn obstacle avoidance [19].
Other work focused on the unique encoding and fast recall
of views from omnidirectional cameras for visual navigation and self-localization [2, 11]. Another approach is the
extraction of image primitives, e.g. edges or Gabor filter
responses, to encode views [15, 22, 30]. Yue et al. [35]
directly take the video input to simulate the lobula giant
movement detector neuron of locusts trained to signal
collisions. Martinez-Marin and Duckett [18] use a colorbased segmentation to learn a docking-task based on the
orientation of the robot, the orientation of the table, and the
distance of the object, which is placed at the edge of the
table. Gaskett et al. [12] infer drivable space by a crosscorrelation with a pre-loaded picture of the carpet texture,
which is linked to actions of the robot by reinforcement
learning.

123

Author's personal copy
158

Artif Life Robotics (2014) 19:157–169

1.

We suggest biologically inspired algorithms that

We continue in Sect. 2 with a description of the flow and
stereo template model that we use within the simulation
framework. In Sect. 3, we show examples of distance
estimates using these algorithms and how these estimates
are embedded into a reinforcement learning framework.
We discuss our approach in the context of visual navigation
and contrast it to alternative proposals in Sect. 4. Section 5
contains broader conclusions regarding our model
simulations.

2 Methods
Figure 1 shows our system architecture. This architecture
includes the modeling of the environment’s geometry, a
simple massless rigid dynamic for the robot, and a twodegree of freedom movement model as we show in the
lower half of Fig. 1. The key idea of our approach is the
explicit description of the states of a learner by three distances measured along -60 , 0 , and ?60 from the optical
axis, which are estimated from optic flow or stereo information. Combined with the three actions of moving forward, making left or right turns, these states describe the
memory structure formalized by the matrix sketched in
Fig. 1 in the robot box.
The simulation loops over multiple individual steps
where a single step is a full action-perception cycle. One
such cycle includes moving the robot according to its
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In contrast to these methods, we use optic flow or stereo
information to estimate distances along three constant
directions instead of using a view-based approach. Our
approach is invariant to the structure in the scene and
works as long as the scene provides image features for a
reliable detection of stereo or flow information. The
invariance with respect to a view is provided by our template-matching approach that uses geometric constraints to
infer distances regardless of the visual appearance of
objects such as their texture.
Reinforcement learning provides a tool to map a
potentially large state space capturing sensory data
immediately preceding a collision with appropriate avoidance actions to be taken by a virtual or robotic agent. In
addition, this approach avoids using neural networks to
extract or interpolate between states from a large space that
is defined, e.g. by low-level visual features, which encode
views.
To test our flow-driven learning of visual navigation, we
developed a simulation environment that provides analytical disparity and flow information. This information is
passed to biologically inspired template models that estimate the distance of walls and, thus, derive the state used
by the learner.
One key to the success of learning is the robustness and
accuracy of the proposed template models in estimating
distances. Learning appears when distance estimates are
accurate enough to describe a given state within the chosen
discretization correctly. An accurate state description
depends largely on the sampling for this discretization. A
coarse sampling promotes correct estimates, but leads to
insufficient information for the learner. A dense sampling
puts higher demands on the template models and slows
down learning in terms of computation time and ‘‘convergence’’. This leads to a tradeoff between dense and
coarse sampling.
Our contributions for learning of visual navigation using
either optic flow or stereo information are:
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2.

estimate self-motion,
segment the scene into ground and walls,
estimate distances of walls from optic flow
knowing the height of the camera above ground,
estimate distances from stereo disparity information, and
learn to avoid obstacles based on these sensory
cues.

We quantify learning by evaluating the path length for
one epoch, which increases from a few centimeters to
several meters.
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Fig. 1 Our system architecture. The robot is composed of a vision
module that processes stereo disparity and optic flow, a state space,
which encodes three distances to walls, and a Q-learning module
adapting a matrix, which represents states and actions. Based on the
observed state and the received reward (input arrows) the agent
decides upon an action to take (output arrow). The simulated
environment updates the 2D position based on a kinematics model
with linear and rotational velocity and computes the new viewpoint of
the robot in the scene defined by a triangular mesh. A reward is given
depending on a collision into the wall and the agent’s action
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chosen action, generating the reward, acquiring flow and
disparity information, passing this information along to the
vision module that extracts the three distances to walls, and
finally updating the memory structure.
In the next paragraphs, we describe the roles and computations performed to simulate this loop. We start with the
environment and its kinematics. We briefly describe
models of stereo and optic flow information. These models
are restricted to curvilinear self-motion and to scenes
modeled as planes. We then formulate template models
that segment the scene, which is required to estimate distances toward walls. Finally, we embed the described
vision module that captures the state into the reinforcement
learning framework.
2.1 Simulator for the environment and its kinematics
To reduce the complexity of simulations and focus on the
relevant modeling effort, we compute analytical disparity
and flow that can be accomplished by knowing the
geometry of the environment. No textures, material properties, or advanced physics of light transport has to be
taken into account. No sophisticated ray tracing has to be
performed. Intensive computations for the detection of
optic flow from an image sequence and the detection of
disparity signals from stereo image pairs have been sidestepped for this study. Instead the geometry of the environment, a rectangular box with optional additional walls,
is defined by a triangular mesh. Non-hierarchical and nonrecursive ray tracing is applied to compute the depth image
(z-Buffer) for a pinhole camera model. This depth image is
used by a model for optic flow or stereo disparity to define
the input values for our proposed models. For the raytriangle intersection, we use barycentric coordinates [28].
For the kinematics of the robot, we use a rigid massless
model without accelerations. Instantaneous linear and
rotational velocities are simulated by multiplying them
with the temporal sample interval to define angles and shift
values that are used in a view-port transform. In our simulation, we use the generic sample interval of one frame.
2.2 Stereo disparity and optic flow model
We give a brief explanation of model equations to introduce
the constraints used in our proposed template models. Our
stereo setup assumes two cameras with parallel optical axes
that have a horizontal offset b, also called the inter-camera
distance. We use the horizontal disparity d introduced by the
offset between the cameras. According to the geometrical
constraints illustrated in Fig. 2a, the horizontal disparity is
d ¼ f

b
:
Z

ð1Þ

The variable Z denotes the depth of the sample point and f
the focal length of a pinhole camera model.
Optic flow, the change of structured light patterns in the
image plane over time, can be expressed by a model of
visual image motion. For a pinhole camera moving through
a rigid environment with the 3D linear velocity v ¼
ðvx ; vy ; vz Þ and the 3D rotational velocity x ¼ ðxx ; xy ; xz Þ,
which references the point ðX0 ; Y0 ; Z0 Þ, the 2D velocities on
the image plane are [16, 34]:
p_ ¼

 
x_
y_

0 0 1 0 1 0 11
vx
X0
xx

1 f 0 x BB C B C B CC
¼
@@ vy A  @ Y0 A  @ xy AA
Z 0 f y
vz
Z0
xz
0 1

 xx
xy
ðf 2 þ x2 Þ f  y B C
1
þ
@ xy A
f ðf 2 þ y2 Þ
x  y
f  x
xz


ð2Þ
Uppercase letters, e.g. X0 , denote points in the 3D world
with respect to the camera’s frame of reference that has its
origin ð0; 0; 0Þ at the nodal point. Lowercase letters, here
x and y, denote locations in the image plane. Due to the
offset of the rotation center from the camera’s nodal point a
rotation introduces a depth-dependent translation. That
depth-dependent part is denoted by the vector cross-product (symbol ) in the first term on the right-hand side of
Eq. 2. The visual image motion model is visualized in
Fig. 2b. The Eqs. 1 and 2 are used to compute the analytical disparity and flow information given the depth
values Zðx; yÞ from the ray-tracer together with the
parameters a, b, v, and x, the latter two describing the selfmotion of the robot with its two pinhole cameras attached.
2.3 Optic flow model for curvilinear self-motion using
planes
In this section, we constrain the general model from Eq. 2
to (1) a sampling from planes and (2) curvilinear selfmotion v ¼ ð0; 0; vz Þ, x ¼ ð0; xy ; 0Þ. A plane in Hessian
form nx  X þ ny  Y þ nz  Z  d ¼ 0 is described by its
normal n ¼ ðnx ; ny ; nz Þ and its distance d to the origin. This
distance is measured along the normal. Substituting this
definition in the projection ð x; yÞ ¼ f =Z  ð X; Y Þ for a pinhole camera model gives the depth constraint


Zðx; yÞ ¼ f  d= nx  x þ ny  y þ nz  f . In addition, we
assume the offset of the rotation center from the nodal
point to be ðX0 ; Y0 ; Z0 Þ ¼ ða; 0; 0Þ. Plugging the planar
constraint, the curvilinear self-motion constraint, and the
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Fig. 2 Model of a stereo viewer and visual image motion using a
pinhole camera. a Due to the horizontal displacement b between the
two cameras with parallel optical axes the point of the vector P ¼
ðX; Y; ZÞ is seen in the image at location ðxL ; yÞ from the left camera
and ðxR ; yÞ from the right camera and in general xL 6¼ xR . b If the

camera is moving with the linear velocity v and the rotational velocity
_ Y;
_ ZÞ
_ in 3D space and its
x, a point P ¼ ðX; Y; ZÞ moves by P_ ¼ ðX;
_ yÞ
_ in the 2D image plane. These two
projection moves by p_ ¼ ðx;
models are used to describe stereo disparity and optic flow,
respectively

offset constraint into Eq. 2 results in the visual motion
model
 
 

 n x  x þ ny  y þ f  nz x
x_
¼ vz  a  xy
d
y_
y
ð3Þ
 2
2
xy f þ x

f
xy

3, the scene has to be segmented into wall and ground
regions. For visual image motion model, the parameters of
the curvilinear self-motion have to be estimated too. In the
following paragraphs, we will first develop a template
model that segments and estimates parameters of walls
based on stereo disparity. Second, we will develop a
template model for the estimation of curvilinear selfmotion, segmentation of walls from the ground, and finally
the estimation of walls’ distances from optic flow.
Distances of walls estimated from stereo disparity The
segmentation of walls from ground using binocular disparity is based on the observation that depth gradients from
the ground appear only along the vertical axis and those of
walls appear only along the horizontal axis. This gives the
following constraints:

The plane can be further constrained. For a ground plane,
the parameters are n ¼ ð0; 1; 0Þ and d ¼ h. The parameter
h denotes the height of the camera above the ground. For a
wall-plane in direction a the normal is n ¼
ðsin a; 0; cos aÞ and d its distance.
In the next paragraphs, we derive template models for
the estimation of self-motion, the segmentation of walls
from the ground, and the estimation of distances in arbitrary directions. The idea of a template model is to create
prototype model responses using Eq. 1 for disparity or
Eq. 3 for flow for all parameters that typically occur in the
robot’s environment. All these templates are compared or
matched against the incoming disparity or flow information. The template with the largest similarity is selected and
the parameters of that template are the result of the estimation. Neurons in various brain areas have been characterized as templates, responding to a specific set of
stimulus parameters in the visual input signal, e.g. for a
disparity or motion pattern [7, 23].
2.4 Template models for scene segmentation,
estimation of self-motion and distances of walls
The goal is to estimate the distances of walls with the
derived models. However, to apply these model Eqs. 1 and
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ðx; yÞ 2 Wall
if
ðx; yÞ 2 Ground if

ox dðx; yÞ 6¼ 0 ^ oy dðx; yÞ ¼ 0
:
ox dðx; yÞ ¼ 0 ^ oy dðx; yÞ 6¼ 0
ð4Þ

This formulation uses the partial derivative in vertical
direction oy (y-axis) and horizontal direction ox (x-axis).
We embed the ‘equals zero’-constraints into the Gaussian
tuning functions

2
^ yÞ =ð2r2 ÞÞ and
fd;wl ðx; yÞ ¼ expð ox dðx;
d;x

ð5Þ


2
^ yÞ =ð2r2 ÞÞ;
fd;gr ðx; yÞ ¼ expð oy dðx;
d;y

ð6Þ

with d^ denoting the sensed or input disparity. These functions are used to make the following decisions for
segmentation:
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Table 1 Lists model
parameters with a description
and their assigned values for the
simulation
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Description of parameter
Pinhole camera model

Value

Horizontal and vertical field of view

afov ¼ 140  bfov ¼ 140

Horizontal and vertical resolution

50 9 50 samplesa

b

Dimensions of the image plane

½0:5; þ0:5  ½0:5; þ0:5 cm

Range of visibility

½0; 103  cm

Height of camera above ground

h ¼ 10 cm

Template model for stereo disparity
Inter-camera distance

b ¼ 10 cm

Threshold value for min activity in segmentation

gdisp ¼ 0:4

SD for segmentation

rd;x ¼ 0:01, rd;y ¼ 0:1

SD for binocular disparity

rd ¼ 0:1 cm

Interval for wall’s distancec

dk 2 ½1; 100 cm, Nd ¼ 99

Sampled visual directions

bl 2 ½60 ; 0 ; þ60 

Template model for optic flow
Offset between nodal point and center of rotation

a ¼ 10 cm

SD for rotational velocity tuning

rx ¼ 0:573 /frame

SD for scaled reciprocal depth tuning

rV ¼ 1/frame

SD for linear velocity tuning

rv ¼ 0:1cm/frame

SD for angular direction tuning

ra ¼ 0:573
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
rd ¼ logð2Þ ¼ 0:8326cm

SD for distance tuning

a

In Fig. 3, we chose a lower
resolution of 30  30 pixels to
avoid too much clutter in the
example plots

SD for segmentation

rf ;x ¼ 0:01, rf ;y ¼ 0:1

Interval for rotational vertical velocities (yaw)

xk 2 ½100; 100 /frame, Nx ¼ 101

Interval for scaled, reciprocal depth

Vk 2 105 ; 102 1/frame, NV ¼ 245

Interval for linear velocity

vk 2 ½102 ; 102  cm/frame, Nv ¼ 180

c

Interval for distance

dk 2 ½1; 100 cm, Nd ¼ 99

Sampled visual directions

bl 2 ½60 ; 0 ; þ60 

b

The focal length is f ¼
arctanðhI =ð2  afov ÞÞ assuming hI
being the height of the image
plane
c

We sample in log-space using
½u1 ; uN  ¼ expð½logðv1 Þ; logðvN ÞÞ,
applying the exponential function
element-wise and using a linear
equidistant sampling between
logðv1 Þ and logðvN Þ
d

Values for the translational
velocities are in cm per frame and
for the rotational velocities are in
degrees per frame

8
>
>
ðx; yÞ 2 Wall
>
>
>
<
>
ðx; yÞ 2 Ground
>
>
>
>
:
ðx; yÞ 2 Junk

if
if

Reinforcement learning (Q-learning)
Discount rate for reward

c ¼ 0:98

e-Greedy, choose greedy action in e cases

e ¼ 0:7

Learning rate

a ¼ 0:05

Number of epochs

Nepochs ¼ 500

Maximum number of steps per epoch

Nsteps = 10,000

Interval for distance values of states

f0; 10; 20; 40g cm

Actions as tuple (translation, yaw rotation)d

fðþ10; 0Þ; ð0; 30Þ; ð0; 30Þg
8
< 100 if collision
r¼
5 if rotating
:
0
otherwise

Reward signal that can be accumulated,
e.g. if colliding while rotating the reward is -105

fd;wl ðx; yÞ [ fd;gr ðx; yÞ
^ fd;wl ðx; yÞ [ gd
fd;gr ðx; yÞ [ fd;wl ðx; yÞ

fd ðdk ; bl Þ ¼

ð7Þ

^ fd;gr ðx; yÞ [ gd
otherwise

Table 1 reports the threshold value gd . The next step uses
only those image locations ðx; yÞ that are in the visual
direction b, this is the distance to be estimated. The disparity-based tuning function is

1

X

NWall y2Wall
0 
2 1
^
logðf  b=dðf
tanðbl Þ; yÞÞ  logðdk Þ
B
C
exp@
A
2  r2d

ð8Þ

for sampled distances dk in the visual directions bl . Values
for these two parameters are reported in Table 1. Applying
the logarithm makes the tuning with respect to distance
‘‘log-linear’’ in the sense that logð1=dÞ ¼  logðdÞ.
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Estimated values are determined by selecting the maximum
and computing a locally weighted sum around the maximum location. This read-out technique enables interpolation between discrete samples of distance and direction.
The solution of this estimation is denoted by d^ and a^. A
pseudo-code of the function is given in the Appendix
Table 3. Our choice of sampling and intervals for distances
dk and directions al is adapted to the environment and the
camera configuration in terms of the precision of optic flow
and stereo disparity.
Distance and direction of walls estimated from optic
flow In the following, we will develop the template model
that uses optic flow to segment walls from the ground and
to estimate distance and direction of walls. Equation 3
depends on the rotational and translational velocity. To
eliminate the dependency on the translational velocity, we
multiply by ðy; xÞ from both sides. This results in a
constraint that only depends on rotational velocity. This
constraint is used to define the tuning function
fx ðxy;k Þ ¼


1X
N x;y

ðy^_ þ x  y  xy;k =f Þ  x  ðx^_ þ ðf 2 þ x2 Þ  xy;k =f Þ  y
exp 
2  r2x

fv ðvz;k Þ ¼

2 !

ð9Þ
for rotational velocities xy;k and N denotes the number of
flow samples. Variables with a hat-symbol are known. In
this case, the flow ðx^_; y^_Þ is known. We apply the same
read-out method as described above for the stereo template
^y . For further calculamodel. This yields the estimate x
tions,
we
introduce
the
auxiliary
variable
V ¼ ðvz  a  xy Þ=Z, which is the reciprocal value of the
distance Z scaled by the sum the total linear velocity. With
this variable and the already computed rotational velocity,
the Gaussian template function is defined
! ! 12 1
0 0
^y =f
x^_ þ ðf 2 þ x2 Þ  x
log
C C
B B
_þxyx
C C
B B
^
^
=f
y
y
C C
B
B B

  
C C
B @
x
A C
B
C
B
 log Vk 
C
B
y
C
fV ðVk Þ ¼ expB

C
B
2
2  rV
C
B
C
B
C
B
C
B
C
B
A
@
ð10Þ
This tuning function in Eq. 10 uses a log-tuning of the
length of the target translational flow (first vector) and the
template flow (second vector). To compute the length of
flow vectors, we use the usual Euclidian distance norm.
Again, we use the ‘‘log-linear’’ formulation described in
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the context of Eq. 8. In addition, we sample distances on a
log scale in the interval from 0 to 1 m. The tuning function
is defined for every image location x and y, unlike to the
tuning functions from Eqs. 8 and 9 because the depth might
be different at every sample point, compare with Eq. 2. To
compute the maximum responding V we take the argument
^ yÞ ¼ arg maxk fV ðVk ; x; yÞ for each sample. This
Vðx;
^ yÞ is used to segment the scene into wall and ground
Vðx;
with the same tuning functions as given in Eqs. 4 and 7
^ yÞ. Furthermore, the parameters rd;x ,
replacing d^ by Vðx;
rd;y , and gdisp are replaced by the parameters rfl;x , rfl;y , and
gf , respectively. Table 1 lists the values for these
parameters.
With the segmentation result, we continue to resolve the
scaling invariance between depth and linear velocity.
Therefore, we assume the distance h of the camera above
the ground to be constant and known as well as the optical
axis to be parallel to the ground. These assumptions are
used to formulate the following tuning function:
1
Nground
"

!


!!#þ
vz;k x  y
;
ðx;yÞ2Ground cos \
hf
y2
y^_trans
0
! !


 !2 1
vz;k x  y
x^_trans
B
C
 log 
log
B
C
hf
y2
y^_trans
B
C
 expB
C
2
B
C
2  rv
@
A
P

x^_trans

ð11Þ
with the translational input flow components y^_trans ¼ y^_ þ
^
^ , Nground the
x  y  x=f
and x^_trans ¼ x^_ þ ðf 2 þ x2 Þ  x=f
number of samples from the ground, \ða; bÞ the angular
difference between the vectors a and b, and the half-wave
rectification ½ x þ ¼ maxð0; xÞ. The overall tuning uses a
polar representation of flow vectors that is split in two
separate functions: The rectified cosine function, the first
factor on the right-hand side of Eq. 11, and the Gaussian
function, the second factor. To evaluate the tuning function
in Eq. 11, the same read-out technique is applied as
described above. This results in the velocity estimate v~z . To
compute the pure translational velocity, the rotational
velocity has to be scaled by the parameter a and this
product is added to the formerly estimated translational
^ With this step, the
velocity. This results in v^z ¼ v~z þ a  x.
estimation of the self-motion parameters is complete and,
next, we will show how to estimate the distances of walls.
We estimate the distances of walls based on a model for
the translational flow that depends inversely on distance.
^ we
With the already estimated rotational velocity x,
_
_
reconstruct the translational flow ðx^trans ; y^trans Þ from the
input flow by subtracting the model rotational flow. With
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the total translational velocity v~z , we resolve the scaling
ambiguity between depths and translational velocity. We
define the tuning function for distances as
1
fd ðdk ; bl Þ ¼
Nwall
P
y2Wall

! ! 12 1
x^_trans ðf tanðbl Þ; yÞ
log
C C
B B
C C
B B
y^_trans ðf tanðbl Þ; yÞ
C C
B B




C C
B
B @
A C
v~ f tanðbl Þ
B
C
B
 log
C
B
d
y
k
C
B
expB
C
2
2  rd
C
B
C
B
C
B
C
B
C
B
A
@
0 0

ð12Þ

Eq. 12 has a similar structure compared to the tuning
function in Eq. 10. Applying the logarithm to the length of
the flow vectors makes the tuning ‘‘log-linear’’ with respect
to the unknown distance value (compare also with the
explanation given after Eq. 10). The distance d^ itself is
estimated by the same read-out technique as used before. A
summary of all steps gives Appendix Table 4.
2.5 Reinforcement learner
We chose Q-learning [32, 33] combined with an e-Greedy
strategy for learning. This assumes that the current state fully
describes the agent’s situation in the environment for our
problem specification (Markov property) and it assumes a
finite state and action space (finite Markov decision process).
In total, there are 33=27 states sampling each of three distances
by three values. The robot is able to move along the optical
axis or rotate clockwise or counterclockwise around the vertical axis (yaw rotation). A discretization of these variables is
reported in Table 1. For a collision the agent receives -100 as
reward and -5 when rotating. These rewards accumulate, e.g.
a reward of -105 is received if a collision occurs while
rotating. As metric, we report the path length of an episode,
which we limit to a maximum of 10,000 steps to define a
termination criterion. An outline of the applied reinforcement
algorithm can be found in Appendix Table 5.

3 Results
In the first part, we show an example for the proposed
template methods and their representations. The second
part takes these algorithms and embeds them into a reinforcement learning method (Q-learning) and evaluates their
performance based on the path length with no collision.

3.1 Flow and stereo information are used as cues
to segment walls from the ground and to estimate
the distance of walls
To illustrate the above template models for analytical flow
and stereo information we applied them to the example
scene shown in Fig. 3a. The robot is positioned close to the
right wall in a rectangular box (30  60 cm) and its optical
axes are rotated by 30 with respect to the horizontal.
Figure 3b, c shows maps of the depth and disparity,
respectively. These maps illustrate the applied constraint,
which is used for the segmentation of the scene into wall
and ground. For the ground, a gradient in only the vertical
dimension exists. This gradient is encoded by the varying
gray-value profile in Fig. 3c, which is visible in the lower
half of the image. Thus, partial derivatives in the vertical
direction are non-zero and partial derivatives in the horizontal direction are zero. For the wall, a gradient in only
the horizontal direction is present as visible by the grayvalue gradient in the depth map in Fig. 3b. In this case, the
partial derivative in the vertical direction is zero and the
derivative in the horizontal direction is non-zero. These
constraints are used in the above template model to achieve
a segmentation based on stereo or flow information as
shown in Fig. 3d, f, respectively.
In both cases, the segmentation into wall and ground is
quantitatively correct leaving some points at the boundary
unclassified. To compute partial derivatives boundary values
are not evaluated as seen by the ring of non-classified flows in
Fig. 3f. The gap between the two areas of wall and ground is
explained by applying thresholds (gd or gf ) to the output
values of the tuning functions that integrate the above constraints about partial derivatives being zero-valued.
Once the segmentation is achieved, the three distances
are estimated using samples from walls. Figure 3e shows
the 1D tunings that include the disparity information of
walls. In this example, three distances from two walls are
estimated.
For flow, the distances of walls are not directly accessible. Instead the constraint, Eq. 3 depends on the selfmotion of the robot besides these distances. In our template
model, we split the problem of estimating self-motion and
the wall’s distance into three template match problems.
First, the rotational velocity is estimated by template
matching. Figure 3g shows the activation of templates in
its first sub-panel. Second, the linear velocity scaled by
depth is estimated using the already estimated rotational
velocity in a template match problem. This relative
velocity information Vðx; yÞ scaled by the reciprocal depth
is used to segment the scene. Next, samples from the
ground are used to estimate the absolute linear velocity,
knowing the distance of the camera above ground and
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Fig. 3 Segmentation of walls from the ground and estimation of
distances of walls based on flow or stereo information. a Shows the
scenario with the robot at the location x0 ¼ 10 cm, z0 ¼ 5 cm, and
orientation u ¼ 30 that moves with the linear velocity vz;gt ¼ 0 cm/
frame and rotational velocity xy;gt ¼ 30 =frame. For this position the
ground-truth values for the wall distances are d 1 = 20 cm and d


2 = d 3 = 11.55 cm for the visual directions b=60 , b=0 , and
b = -60 , respectively. b Shows the depth map for a simulated
pinhole camera with a 140  140 field of view and a 30  30 pixel
resolution. c The disparity map is computed assuming an inter-camera
distance of 10 cm. d Shows the disparity-based segmentation. Points

of the wall are indicated by circles and points from the ground are
indicated by crosses. e Shows the flow-based segmentation into wall
versus ground together with the input flow. f Shows three 1D tuning
functions for disparity. A local vector sum read-out of the three 1D
functions gives the indicated estimates. g The estimation of selfmotion and distance is split into three 1D template-matching
problems. Their 1D response activations are shown in the three
sub-panels.
Self-motion
velocities
are
estimated
as
v~z;est ¼ 5:16 cm=frame, xy;est ¼ 30 =frame, and the distance estimates are given in the third panel

assuming that the camera’s optical axes are parallel to the
ground. The template responses for the linear velocity
show the second sub-panel of Fig. 3g. With both velocities
and the segmentation result the distances toward walls are
estimated in another template match problem. The activity
of templates shows the third sub-panel of Fig. 3g. The
distances along the visual directions b = -60 , b = 0 ,
and b = ?60 are estimated with high accuracy with an
error less than one centimeter in this example. These
estimates are plotted in Fig. 3a by magenta, black, and
green colored arrows, respectively.

discretized into three bins along three visual directions. In
each state, three actions are possible: Moving forward or
rotating clockwise or counterclockwise. Thus, the Q-matrix
has in total 81 entries which predict future reward for each
state-action pair in 500 epochs each a maximum of 10,000
steps long. An epoch ends earlier if a collision occurs and
the robot is randomly re-positioned and re-oriented in the
rectangular box. The agent has to learn to avoid collisions.
We choose path length as error metric for the learning of
collision avoidance. This is, the distance driven between
the start and end of an epoch. This error metric rates trivial
solutions poorly, like rotating in one location. Such solutions are avoided by giving negative reward whenever the
robot decides to rotate. We tested this learning in six different experiments choosing either a simple box model or a
more complex environment that has several walls as
additional barriers, see Fig. 4a, e. For each of these environments, we run the learning algorithm with ground-truth

3.2 The number of collisions decreases by learning
based on distance and direction estimates
from stereo and flow information
Our model learns to avoid collisions with walls by applying
Q-learning with 27 states, which represent distances
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Fig. 4 Learning of collision avoidance based on the distance
estimates of walls from flow or stereo information. a Shows a top–
down view of the simple box environment. The path length is the
driven distance between start and end of an epoch. The first row
shows the path length for the simple box environment when b using
ground-truth distance, c distance estimates from stereo information,

or d distance estimates from flow information. e The complex
environment has several walls and is larger than the simple one. Note
e is not drawn to scale to match a. Path lengths for f ground-truth
distances, g distances estimated from stereo information, and
h distances estimated from flow information

Table 2 The greedy policy for
learned collision avoidance with
ground-truth distance input
when trained in the simple box

The symbol ! encodes the
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clockwise rotation, and CCW a
counterclockwise rotation
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distance information and Fig. 4b, f shows the results,
respectively. Or we run the algorithm with distances estimated from stereo information. Results show Fig. 4c, g,
respectively. Or we run the algorithm with distances estimated from flow information. Results show Fig. 4d, h,
respectively. For the simple box environment, the path
length increases rapidly from a few centimeters to about
8–10 m within the first 100 to 200 epochs. In case of the
complex environment, the path length increases too;
however not as rapid and also stays at a lower level, in
particular when using flow information, see Fig. 4h.
Table 2 shows the greedy policy for learning with
ground-truth distances in the simple box environment. For
each state, we show the most rewarding future action. For
small distances of approximately 10 cm the robot learned
to make turns. See the first four rows in the Table 2. For

instance, for the state ðd1 ; d2 ; d3 Þ ¼ ð40; 10; 10 cmÞ the
robot learned to make a CW turn, which is the turn into the
direction where d 1 = 40 cm, which measures a larger
distance than d 3 = 10 cm. In the ‘‘complementary’’ case
of d 1 = 10 cm and d 3 = 40 cm the robot makes a CCW
turn. See the first row in the last of the three blocks in
Table 2.

4 Discussion
We showed successful learning of visual navigation using a
small finite state space (27 values) representing distances
toward walls along three visual directions, which are estimated by biologically inspired models using stereo, flow
information, and learning. To estimate these distances, a
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segmentation of walls from ground has to be performed.
We developed a model for such segmentation. When flow
information is used, the model estimates self-motion, in
addition. Distance estimates of our model are accurate
enough to learn collision avoidance in a virtual environment. Our model, which uses stereo input, performs
slightly better than our model with flow input. For the
model with flow input, we showed that estimation problems for rotational velocity, linear velocity, and wall distances can be separated into 1D parameter search problems.
These 1D problems have been solved using a voting-based
method looking for the best matching flow or disparity
given parameterized models.
More generally, our results show that learning of collision avoidance is possible using a small state space
whereas the state information is extracted from sensory
input. Prescott and Mayhew [21] used the same definition
for a state space choosing distances along three visual
directions and trained with a variant of the adaptive critic
algorithm. More recent approaches use larger state spaces.
For instance, Huang et al. [13] used eight simulated
infrared ray sensors with maximum range and continuous
output to represent the state of the agent in the environment. To reduce the number of possible states they deploy
a three-layer back-propagation network as a mapping
between the sensory output and a smaller state space. An
alternative approach clustered states together with prototypical actions to reduce the search effort (Milan, 1995).
This reflects the traditional view of using large state spaces
that are than mapped to smaller representations using
function approximation [4, 31], e.g. by deploying neural
networks. Here, we suggest a small state space with the
number of states largely decreased by choosing them task
related, here to avoid collisions.
Our model can be categorized as a map-less indoor
navigation approach integrating either stereo or flow
information. Other approaches for navigation could be
categorized as either indoor or outdoor, using a map or not,
operating in structured or unstructured environments.
Unstructured environments are defined by their absence of
track-able features. Aside from the fact of generating a
map-based representation of the environment [11, 30],
localization is achieved by detecting and tracking landmarks [2]. Approaches that used optic flow for visual
navigation did not include a learning component [9, 26].
Extensive surveys on visual navigation can be found in
DeSouza and Kak [8] as well as in Bonin-Font et al. [6].
Our model bears some similarities to existing flow
template models and the Hough transform, in general.
Perrone suggested a template model for the estimation of
self-motion [24] and fixating self-motion [25] from optic
flow. The idea of setting up flow templates for parameters
of self-motion and matching them to the observed input
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flow motivated us to generalize this approach and extend it
to non-self-motion parameters such as the geometry of the
scene. Furthermore, we applied the same idea of a template
model to binocular disparity to estimate distances. A similar idea using structural models such as the plane model
has been proposed by Adiv [1] for the segmentation of
object motions in the flow. More generally, all these
methods are voting schemes, like the Hough transform
[10].
Our template model makes several assumptions. For the
camera we use a pinhole model assuming an optical axis
parallel to the ground. The environment consists of planes
that are orthogonal to the ground. The robot has access to
the height of the camera above ground. This height stays
constant over time. Self-motions of the robot are reduced to
curvilinear motion, moving with a translational velocity
along the optical axis and rotating around the vertical axis
(yaw). Nevertheless, all these assumptions are reasonable
in the sense that such requirements could be met when
setting up a robot. The most critical assumption is keeping
the optical axis parallel to the ground.
For the learner, we used an indoor environment at the
scale of a few tens of centimeters that has walls orthogonal
to the planar ground and the robot goes at a speed of 2 cm/
frame. In our setup, 40 cm is the upper bound for the
distance toward a wall measured along the optical axis.
This 40 cm distance translates into 20 steps before a collision with a wall occurs, assuming a straight path. This
gives the robot enough frames to make several rotations to
avoid a collision with the wall.
We used two abstractions to accelerate simulations. The
simulated environment is reduced to the geometry of walls
and ground and does not include textures, material properties, etc. This allows for the direct computation of depth
by ray tracing without using recursions. The second
abstraction is the use of analytical flow and disparity
information, which is directly provided to the suggested
template models. We call this information analytical disparity or flow, respectively. This excludes the detection of
flow from image sequences and stereo disparity from
image pairs. Both tasks are computationally expensive and
have been studied extensively [3, 5, 27].
Successful visual navigation includes, but is not limited to
collision avoidance. For instance, Michels et al. [19] proposed the reconstruction of relative depths from monocular
images that are fed into a reinforcement learning policy to
learn steering for autonomous driving. Others focused on
navigating toward a target [36]. Their approach is most
similar to ours in terms of the employed state space. This
space is defined by pseudo-disparity, the difference between
the horizontal positions of the target in left and right images,
and the targets image coordinate in the left image. However,
due to a high-resolution discretization of these variables Zhu
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and Levinson [36] end up with 90,000 states. This large
number of states is reduced by working with a conceptual
state space. That conceptual state space starts with a coarse
discretization of the above variables and adaptive refinement
(state splitting). Our approach is working with a coarse state
space defined by the distances along three visual directions,
which are estimated from stereo or flow information using
bio-inspired template models.

5 Conclusion
Our model learns to avoid collisions with walls by applying
Q-learning with 27 states, which represent distances discretized into three bins along three visual directions. In
each state, three actions are possible: Moving forward or
rotating clockwise or counterclockwise. Thus, the Q-matrix
has in total 81 entries which predict future reward for each
state-action pair in 500 epochs each a maximum of 10,000
steps long. An epoch ends earlier if a collision occurs and
the robot is randomly re-positioned and re-oriented in the
rectangular box. The agent has to learn to avoid collisions.
We choose path length as error metric for the learning of
collision avoidance. This is the distance driven between the
start and end of an epoch. This error metric rates trivial
solutions poorly, like rotating in one location. Such solutions are avoided by giving negative reward whenever the
robot decides to rotate. We tested this learning in six
Table 3 Pseudo-code for the
algorithm stereo-based template
model
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different experiments choosing either a simple box model
or a more complex environment that has several walls as
additional barriers, see Fig. 4a, e. For each of these environments, we run the learning algorithm with ground-truth
distance information and Fig. 4b, f shows the results,
respectively. Or we run the algorithm with distances estimated from stereo information. Results show Fig. 4c, g,
respectively. Or we run the algorithm with distances estimated from flow information. Results show Fig. 4d, h,
respectively. For the simple box environment, the path
length increases rapidly from a few centimeters to about
eight to 10 m within the first 100–200 epochs. In case of
the complex environment, the path length increases too;
however, not as rapid and also stays at a lower level, in
particular when using flow information, see Fig. 4h.
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Appendix
We provide pseudo-code for the bio-inspired proposed
models that estimate distances of walls from stereo or flow
information (Tables 3, 4, 5).

Dist = distDirFromDisparity(D, X, b, f, Beta)
// D – disparity map.
// X – horizontal image coordinates.
// b – inter-camera distance.
// f – focal length of the camera.
// Beta – visual directions for distance estimates.
// Dist – distances of walls along visual direction.
DiﬀX = [1 0 -1; 2 0 -2; 1 0 -1];
DiﬀY = -DiﬀX’;
TuneDiﬀXOfD = exp(-ﬁlter(D,DiﬀX)ˆ2/(2σˆ2));
TuneDiﬀYofD = exp(-ﬁlter(D,DiﬀY)ˆ2/(2σˆ2));
If (TuneDiﬀXOfD > TuneDiﬀYofD) & (TuneDiﬀXOfD >
eta) then
samples from the ground are X g and D g.
Elseif TuneDiﬀYOfD > eta then
samples from the wall are X w and D w.
End
TuneWall = zeros(betaNum,distNum);
For beta from Beta do
xImg = -f*tan(beta);
Dw = interp1(D(-f*tan(beta),allY)); // interpolate
For dist from minDist to maxDist,
For Y from minW to maxW
TuneWall(beta,dist)
+=
exp(-(log(f*b/Dw)log(dist))ˆ2/(2σˆ2));
End
End
Readout by taking the argument of max response for each
beta.
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Table 4 Pseudo algorithm for flow-based template model
[v, omega, Dist] = velDistDirFromFlow(Dx, Dy, X, Y, f,
h, a, Beta)
// Dx – horizontal component of ﬂow.
// Dy – vertical component of ﬂow.
// X – horizontal image coordinate.
// Y – vertical image coordinate.
// f – focal length of pinhole camera.
// h – height of camera above ground.
// a – distance between nodal point and center of rotation.
// v – linear velocity along the optical axis.
// omega – rotational velocity around the vertical axis (yaw).
// ang – angular direction of the detected wall.
// Dist – Distances along visual directions Beta.
Estimate omega from Dx, Dy, X, and Y.
Estimate auxiliary V = (v-a*omega)/Z from Dx, Dy, X, and
Y.
Compute the gradients Vx = dV/dx and Vy = dV/dy.
TuneVx = exp(-Vxˆ2/(2σˆ2));
TuneVy = exp(-Vyˆ2/(2σˆ2));
If (TuneVx > TuneVy) & (TuneVx > eta) then
Deﬁne ground samples as Dx g, Dy g, X g, and Y g.
Elseif TuneVy > eta then
Deﬁne wall samples as Dx w, Dy w, X w, and Y w.
End
Estimate vel from Dx g, Dy g, X g, and Y g, knowing that
the depth is given by Z = f*h/y. Then set v = vel + a*omega.
Estimate Dist from Dx w, Dy w, X w, and Y w, knowing
omega and vel that have been estimated.

Table 5 Q-learning algorithm with e-Greedy action selection
Initialize Q with zeros.
For all episodes do
Initialize s1 randomly.
While s1 is not terminal or max step is not reached do
If rand < eps then
a1 = arg max a Q(s1,a);
// For multiple maxima chose one at random.
Else
Choose a1 randomly.
End
// Take action a1 and observe reward r and state s2.
Q(s1,a1) <- Q(s1,a1)
+ alpha * (r + gamma * max a2(Q(s2,a2))-Q(s1,a1));
s1 <- s2;
End
End
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